Despite the availability of special purpose FE codes with post processing facilities as per rules of ASME SEC VIII Division 2, use of simple analytical methods like ring loading around a circumference or more complex methods like Welding Research council bulletins 107 and 297, will continue to be used in the industry for a significant period of time for stress analysis of pipe support attachments. The reasons are few: not all engineering companies have such custom made FE codes, lack of trained personnel to work with general purpose FE codes, ease of implementation of the available methods and their successful design history, cost and time issues with FE analysis etc. In this paper these available methods will be reviewed based on their theoretical background, their range of applicability w.r.t the typical design parameters and their comparison with FE analysis. More recent analytical methods based on mathematically accurate space curves of intersections for circular attachments will also be discussed. This study will include both circular as well as non-circular attachments. This paper will highlight the strengths and weaknesses of the conventionally used methods especially with respect to their mathematical limitations to make an analyst aware of the potential over conservatism and under conservatism of these analytical methods. Finite element analysis models will be discussed in detail specifically in relation to elements used, element parameters, boundary conditions and post processing.
INTRODUCTION
In this paper, the subject matter has been structured in the following manner: 1. Discussion of the available theoretical methods, from the simplest to the advanced. 2. Brief overview of basic shell mathematical model. 3 . Brief overview of available finite element options. . ∇∇
SHELL THEORIES:
There are various shell theories and each one has its own protagonist. Any shell theory has to be evaluated within the postulates of Sanders-Koiter's approach [12, 21] which can be summarised as follows: 1. The equations can be written in general tensor form. 2. The deformations are described by six strain measures, three of which are components of the usual membrane strain tensor and the other three deviate from the components of the geometrical curvature change tensor only by terms that are bilinear in the components of the curvature and membrane strain tensor. 3. The stresses are described by six stress measures that satisfy the equations of equilibrium without approximation. 4 . The theory has a principle of virtual work that is exact for displacements obeying the Kirchoff hypothesis; in conjunction with approximate constitutive relations between the stress and strain measures. Well-set boundary value problems can be formulated, and the usual minimum and reciprocal relations of structural mechanics hold good. 5. The theory contains an exact static-geometric analogy. This analogy can be formulated by replacing the static quantities by corresponding geometrical quantities in homogeneous equations of equilibrium and the resulting equations become identical with the compatibility conditions. 6. When applied to the symmetrical bending of shells of revolution, the stress and strain measures agree with those generally used. They are consistent with those of the most simple curved beam theory.
For the present purpose, we will discuss the issue of cylindrical pipes with circular (referred to as trunnion) as well as non-circular (referred to as pipe shoes) attachments. Hence there is no "puncture" in the header pipe. The mathematical problem of the main shell with cut-out is a boundary value problem of partial differential equation. It means that the cylindrical shell equation, whose general solutions have many unknown constants, is suitable on the shell surface with or without cut-out. In order to determine the unknown constants the boundary conditions have to be used.
AVAILABLE THEORETICAL APPROACHES TO THE PROBLEM OF ANALYSING A CYLINDRICAL SHELL WITH CYLINDRICAL OR NON-CYLINDRICAL ATTACHMENTS.

Approach 1:
This approach is popularly known as "Kellogg" method in the piping industry. This approach has been so named as it appeared for the first time in [4] and is based on ring loading around a circular cylinder.
Governing differential equation [1]:
For an axi-symmetric loading on a circular cylinder, the governing differential equation is the well known beam on elastic foundation equation: Flexural stresses are added to membrane longitudinal and hoop stresses to get total stress = membrane stress in direction i + flexural stresses in direction i computed by the expression in eq-(4)
To compute P, these were the steps followed: Computation of loads in longitudinal and circumferential directions by use of the following expressions:
• longitudinal force = (longitudinal force x moment arm)/ 2 t r π • circumferential force = (circumferential force x moment arm)/ 2 t r π • radial force = radial load/ t r π 2 • equivalent circumferential force = 2 x circ. force + 1.5 x radial force • equivalent longitudinal force = 1.5 x radial force + longitudinal force
The above forces are used as P in eq- (4) The reason behind the use of the factors 1.5 and 2.0 is attributed to higher flexibilities in these directions. The flexural stresses in longitudinal and circumferential directions are then computed using these "equivalent" forces and the membrane pressure stresses are then added to compute the total stresses. Stress in the trunnion attachment is computed as S M A F + .
The case of Pipe shoes:
Schematic arrangements for some pipe shoes are shown in fig-(1) . Dimension B stands for shoe/gusset width, G = number of gussets, L = gusset spacing (this depends on the design), S = number of spines, M = spine spacing, and A= shoe length.
The approach taken for analysis of pipe shoes is similar to that of trunnion type attachments. The computations of section properties (few examples) are cited. [34] . The bulletin shows a comparison of the calculated and measured stresses for both thick walled models and thin walled models. Following were the main issues between the Experimental works and Bijlaard's work for thin shells.
• Circumferential Moment ( taken from A.3.3.2 and 
Flügge's equation [13] . This equation is quite simple and can be expressed in complex-valued displacement-stress function form (Lekkerkerker [15] and Steele [3] ) as follows:
where, n u , is radial displacement and φ , Airy stress function. Eq-(8) can be decomposed into two second-order partial differential equations and is easy to solve in polar coordinate system for the problem of cylindrical shell with cut-out [25] . However, as pointed out by Koiter, eq-(8) can only be applied for shallow shells. Koiter [7] had written, "It has been noted [9, 14 ] that Donnell's approximation is sometimes inaccurate" and "the generalization of Donnell's approximation is applicable in the case of shallow shells in which the wave length L of the deformation pattern on the middle surface is always small compared with the minimum principal radius of curvature R". Based on fig-6.14 in Donnell's book [10] , the applicable range of shallow shell equation for the problem of cylindrical shell with opening is only
The edge effects of general cylindrical shells and shallow shells mathematically differ.
Based on this line of reasoning in-order to extend the applicability of the thin shell theoretical solution for cylindrical shells with cut-out, Xue et al adopted Morley's equation [9] , which has the same order of magnitude of accuracy as the general thin shell theory, i.e. ( ) where, χ and µ are the same as in eq- (10) and (9). The right hand side of eq- (11) is a load function dependent on the surface force components acting on the shell. The cylindrical thin shell equations derived by Goldenveizer, Morley, Simmonds and Timoshenko (which was used by Bijlaard) have the same inherent error in order of
. The solution has the order of accuracy
. WRC-297, which is based on Steele's work on shallow shell equations covers a range of only
For detailed analysis of the approach taken by Xue et al refer [17, 31] .
In essence, the approach taken is to use compatibility conditions enforced on the geometrically correct curve of intersection as opposed to an assumed curve of intersection and using theories which are of order ( )
T O R
which may or may not involve using different shell theories for intersecting cylinders.
To summarize, different cylindrical shell equations are suitable to different ranges of the developed surface. Fig-(4) below shows the different ranges of developed surface [25] .
Fig-(4) [25]
Donnel [10] showed that his shallow shell equations could be suitable to the range of 66 ππ ϕ −< < i.e. 0 05 . ρ < . In [15] Lekkerkerker showed that the shallow shell equations could be applied to the range of 0 025 . ρ ≤ . The different applicable ranges adopted by different authors are dependant on different allowable intrinsic errors.
DIFFICULTIES IN IMPLEMENTATION OF ANALYTICAL SOLUTIONS:
Analytical solutions (rather analytical solutions backed by experimental findings like WRC 107/297 methods) are extremely useful in addressing stress analysis issues of pipe support attachments as they are available in almost all commercial pipe stress codes and methods like "Kellogg method" can easily be developed into spreadsheets. The difficulty is of course the limited range of applicability of these methods specially in relation to we do not have analytical tools which are easily implementable and which will address the problems to be analyzed without having significant restrictions on geometry and loading conditions, FE analysis should be the preferred tool for analysis. The objective of this paper is to make an analyst aware of the potential over conservatism and under conservatism in the available and widely used methods if an analyst is constrained to use them.
FINITE ELEMENT ANALYSIS APPROACH TO THE PROBLEM
[33] provides an excellent discussion on the issues involving conflicts between shell theory and finite element analysis of shells. To briefly summarize them:
• Ill conditioning due to significantly different strain energies between membrane and bending modes.
• Use of low degree polynomial trial functions in the displacement finite element method generally leads to overstiffness in the response to bending actions.
• Difficulty in deriving trial functions for in-extensional bending.
Many authors [33, 18, 30] have recommended use of hybrid elements. In this paper, however, we have used only displacement based finite element method.
Finite elements available for shell analysis can be broadly classified into the following groups:
1. Degenerated solid elements. 2. Elements based on basic shell mathematical model. 3. Elements based on combination of plate and membrane elements.
For a detailed discussion on type-1, refer [19] . The main feature of these elements is the number and variety of adhoc assumptions made to accommodate the standard procedures of finite element formulation. The variation of strain through thickness isn't linear. Assumptions regarding dependence of determinant of Jacobian Matrix in the direction of thickness can lead to violation of rigid body properties [19] .
Type-2 elements are usually not available in commercial FE codes. They suffer from rigid body motion problems [18] . The element S8R is ABAQUS is however close to these elements as discussed in [18] . To explain the meaning of the term Basic Shell Mathematical mode, we briefly describe the derivation of the governing shell equations using the tensor approach which involves the following steps [22] :
Fundamental assumption of the shell theory based on LoveKirchoff hypothesis and zero strain in the through thickness direction. Expressing the base vectors of a surface located "off middle surface" i.e. a general surface in terms of the base vectors of the middle surface (both covariant and contra-variant versions).
• Expressing the metric tensor of a surface located "off middle surface" in terms of the metric tensor (both covariant and contra-variant versions) of the middle surface.
• Expressing the rotation vector.
• Expressing the Cristoffel symbols and permutation tensors (Levi-Cevita tensors) of the surface located "off the middle surface" in terms of the corresponding tensors of the middle surface.
• Expressing the strain tensors of a surface located "off middle surface" in terms of the strain tensor of the middle surface (both covariant and contra-variant versions). Strain tensors are expressed as the difference between metric tensors and curvature tensors in the deformed and un-deformed states • Writing expression for stress and moment resultants.
• Using appropriate constitutive relations.
In the Basic Shell Mathematical model version of Finite Element implementation, the interpolation of the shell geometry is accomplished using the Iso-parametric procedure. Covariant and Contra-variant base vectors of the interpolated surface are computed using the usual finite element interpolation procedures and the First Fundamental form, the Second Fundamental form and the Christoffel symbols are then computed from these base vectors. In the Type-2 elements as described in [18] , the normal vector is calculated normal to the interpolated middle surface, although the normal vectors at the nodal points are exactly normal to the middle surface.
For a discussion on type-3 elements any standard text book on FEM can be referred [19] .
The FE code used for the analysis is ABAQUS ver. 6.9-1. The ABAQUS element library [20] for shells is divided into three categories consisting of general-purpose, thin, and thick shell elements. Thin shell elements provide solutions to shell problems that are adequately described by classical (Kirchhoff) shell theory; thick shell elements yield solutions for structures that are best modeled by shear flexible (Mindlin) shell theory; and general purpose shell elements can provide solutions to both thin and thick shell problems. All these elements use bending strain measures that are approximations of those of Koiter-Sanders version of shell theory [12] .
For stress analysis, the following elements from ABAQUS library have been used. S8R-8-node reduced integration element for small strain formulation. This element has similarity with the Basic Shell mathematical model as described in [18] , although they are not the same, the main difference being the use of Mindlin hypothesis. This element is susceptible to element distortion.
The Hexagonal element used is a 20-node reduced integration element. The method of analysis is Linear Elastic following the Elastic Stress Classification Route of [28] .
The issue of classification of the FE computed stresses on the lines of [28] has been dealt with in numerous papers and will not be repeated here. In a nutshell, local membrane stresses are designated as Pl , primary + secondary stresses as Pl Pb Q ++and peak stresses as Pl Pb QF ++ + in line with [28] . Primary stresses develop to maintain equilibrium with external loads, secondary stresses to maintain compatibility of deformation (global) and peak stresses to maintain compatibility of local deformation. Pl stands for local primary stress, Pb for primary bending stress, Q for secondary stress and F for peak stress. Peak stresses are significant only from the standpoint of fatigue failure. FE convergence theorems are in 2 L or 1 H norms which are difficult to implement when the exact solution is not shown and in this presentation no attempt has been made to evaluate the convergence using these norms. For checking the convergence of an FE model percentage change in stress is considered from a model with very fine mesh to gradually becoming cruder. Stresses are checked at Gauss points for accuracy and un-averaged. For convergence, monotonic behavior is checked with a maximum permissible variation in stress taken as 5%.The mesh size around the intersection is taken as 03 .r t with progressive mesh grading away from it. For continuum four elements have been used through the thickness at and close to intersections. The objective of the FE analysis wasn't to catch the peak stresses which are used for fatigue evaluation, because once the Pl Pb Q ++ stresses are computed, the fatigue stresses can easily be computed using Fatigue Strength Reduction Factors (FSRF) [28] . The results of the analysis can then be extended to compute Pl Pb QF ++ + in a straightforward manner. [27] shows that modeling of welds to properly simulate joint stiffness does not have serious impact on the computed stresses and hence, welds are not part of the models. FSRF can be avoided if Dong's method [28] is used. However, this requires special post processing ability of the FE Code. If welds are modeled, Pl Pb Q ++can be evaluated at the weld toe directly by (even though it is a singularity) linearization at the stress classification line (SCL) as explained by Kalnins [29] . The only issue with this procedure is the through thickness stress component.
To avoid end effect, the location of the trunnion has been taken as 5D [24] i.e. five times the Outside Diameter of the Header Pipe with respect to the end of the header. The worst aspect ratio around the intersection (HEX elements) was 6.0, average aspect ratio 2.0. One end of the header was fixed in all six DOFs and the other end is fixed in five DOF's. The DOF along the longitudinal axis of the header was kept free to generate longitudinal pressure stress (for models where pressure was applied). Linear and full integration elements were not selected in the quadrilateral and brick versions to avoid shear locking. References [35, 24] provide excellent guideline on modeling of Large Diameter Cylinder intersections. Table 6 is to reflect the effect of applying the Forces and moments at the Shell-Nozzle Interface as opposed to at the end of the Trunnion in Tables 1-5 . Pressure is not a part of the Loading. For tables, 7-9, applied load in longitudinal, circumferential and radial directions = 10KN (applied together), pressure = 18.9Barg.
RESULTS
The stresses shown in the tables below belong to the
For the WRC-107 analysis, pressure loading has NOT been added as a radial load at the trunnion attachment. Table 9 36 inch header, 12 inch trunnion, wall thickness = 9.52 mm for header and 6. 
Results for Pipe Shoes: (Stresses at locations of singularities have not been considered)
Note: WRC-107 method has been used even though in most cases 1 β , 2 β are above the allowable limit. So far Pipe Shoes are concerned, the typically used dimensions render them unsuitable for use of WRC-107. Despite this fact, the author in his experience has seen its usage for computation of local stresses at Shoe Attachments and its use is mostly due to availability of this module in most common pipe stress programmes. For the WRC 107 computation of Pipe Shoes, the geometry of the attachment has been considered as Rectangular solid. Pipe Stress Program CAESAR II Version 5.2 has been used for this purpose. For Tables 10, 11 and 12, 2c1=500 mm and 2c2=450 mm. Table 10 36" pipe, wall thickness = 9.52 mm. Shoe design corresponds to 3-gusset, A=450, B=500, shoe plate thickness = 10 mm, L = 350 mm ( refer fig-1) Table 11 30" Pipe, wall thickness 9.52 mm, Shoe design corresponds to 3 Gusset, A=450, B=500, Shoe plate thickness=10 mm, L=350 mm (refer fig-1 Table 12 24" pipe, wall thickness = 9.52 mm. Shoe design corresponds to 3-gusset, A=450, B=500, shoe plate thickness = 10 mm, L = 350 mm ( refer fig-1) For Tables 13-15 , applied load in longitudinal, circumferential and radial directions = 40KN( applied together), pressure = 18.9 barg. Pressure has been applied but not as radial thrust load. The stress analyst should carefully study the theory manual of the FE code which he/she should be using with respect to applicability, element distortion and integration rules.
The present analysis has to be extended for different load combinations with varying magnitudes of the individual load vectors to quantify the degree of over or under conservatism of the available analytical methods. The present analysis mainly focuses on the stand alone effect of individual load vectors (although Tables 7-9 as well as Tables 13-15 does address combinations but more tests need to be done with varying magnitudes of the individual load vectors) . Effect of variance in mesh grading and element size should be checked to assist an analyst in selection of the "best element" for these applications, if an analyst so desires. In the present scope of work, the use of proper mesh grading, element size and integration rules have ironed out significant differences between the individual elements. Hence, the take away message for an analyst with respect to individual element types is, as long as mesh grading , element size, distortion control and integration rules are properly used, there are no preferred elements , although the analyst should carefully read the Theory manual of the FE code which he/she intends to use.
CONCLUSIONS:
1. Use of a particular shell theory requires an understanding of the order of magnitude of error inherent in that theory and its applicability vis-à-vis the problem to be analyzed specially with reference to d D and D T ratios.
2. Shell theories should be evaluated on the basis of SanderKoiter postulates.
3. The use of an axi-symmetric loading model (which in this paper has been referenced to as "Kellogg method") has been historically the most popular method for analyzing both cylindrical and non-cylindrical attachments. A point to note is, the method as at appears in [4] addresses only the local stresses at the cylinder, so the evaluation of stresses in attachments cannot technically be addressed as "Kellogg method", rather calculation based on elementary beam theory. It is against this later which, the author in his experience has seen as widely used in the Industry as part of the spreadsheets based on "Kellogg method" is what this caution is directed at.
5.
If an analyst is constrained to use Kellogg method for analysis of local stresses on the pipe at support locations, the allowable stress should not be exceeded beyond the allowable for local primary stresses as per [28] .
6. WRC-297 method is based on shallow shell theory and the order of magnitude in error is due to omission of some terms which are of the order ( ) is futile to expect usability of WRC-107 for shoe attachments, as based on typical dimensions of Pipe Shoes, these geometric parameters will in most cases be not satisfied.
13. WRC 107 /297 analysis has shown lower magnitudes of Stress for Shear Forces and Torsion moments (Table 6 where the loadings have been applied at the Shell-Nozzle Interface) with respect to FEA. However, these loadings, in general are not the governing factors in piping applications.
